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This paper presents a novel robust decentralized controller for flexible-joint electrically driven robots
under the imperfect transformation of control space, from Task-Space (TS) to Joint-Space (JS). The
proposed approach is free from manipulator dynamics, thus free from problems associated with
torque control strategy in the design and implementation. As a result, the proposed control is simple,
fast response and superior to torque control approaches. It can guarantee robustness of control
system to both structured and unstructured uncertainties associated with robot dynamics. The
control method is verified by stability analysis. Simulations on a two-link actuated flexible-joint robot
show the effectiveness of the proposed control approach.
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INTRODUCTION

Motion control of robot manipulators has been studied
using various approaches, such as PD control  (Tomei,
1991), feedback linearization (Luca et al., 1985), integral
manifold approach (Spong et al., 1987), singular
perturbation theory (Subudhi and Morris, 2006), robust
control (Spong, 1987), sliding mode control (Spurgeon et
al., 2001), fuzzy control (Chen, 2011), adaptive control
(Ghorbel et al., 1989), back stepping control  (Lee et
al., 2007), state observer based control (Talole et al.,
2010), neural network approach (Zeman et al., 1997),
and learning control (Wang, 1995) under uncertainties. A
major problem, common in all aforementioned control
strategies is performing the control law in the JS,
while the goal of many robotic control tasks are generally
to move the tool center point of the arm along a given
trajectory in the TS. Thus, despite of well behavior of
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aforementioned control strategies in joint space, none of
them can provide satisfactory tracking performances
in TS under the imperfect transformation of  control
space from Cartesian to joint angles. Some of these
reasons are as follow :

- The robot’s kinematics and dynamics change when a
manipulator picks up different tools of unknown length,
or unknown gripping points (Cheah et al., 2010).
Therefore, the desired joint angles, their velocities, and
accelerations are not produced precisely
in JS under the imperfect transformation from TS to JS.
- Tracking errors are appeared in TS while actuators
operate in JS. Thus, transforming of control space
should be carried out to perform a control law (Fateh and
Farhangfard, 2008). As a fast result, the control inputs
involve errors if we use the imperfect transformation
- The produced tracking errors in workspace
are not detectable and compensable appropriately
due to lack  of feedbacks from the end-effector.
To deal with this problem, feedbacks from TS are
required to detect tracking errorin TS Colbaugh and



Glass, 1997; Hu and Vukovich, 2001; Tian et al., 2004;
Tian and Goldenberg, 1995; Faroog et al., 2008;
Goldsmith et al., 1999). Based on this observation, the
TS controllers were then developed using assumption of
perfect transformation in control spaces. However, there
is yet problems arises from dynamic formulation of robot
manipulators in TS, that involves strong couplings
between the joint motions, the time derivative of jacobian
matrix, as well as its inverse transformation. Recently, a
number of approximate Jacobian controllers have been
presented to cope with the uncertain robot kinematics
and dynamics by using adaptive control laws. The
proposed controller does not require the exact
knowledge of the kinematics and Jacobian matrix (Liu et
al., 2008). However, they are unable to handle
unstructured uncertainties in the control space
transformation. To solve this problem (Chien and Huang,
2010), presented a valuable work, although it has

required to considerable burden of computer
computations.
So far, robot manipulators have been frequently

controlled using the torque-control strategy. It must be
noted that, although torque controllers are frequently
used for controlling robotic manipulators, the role of
actuator dynamics considered by voltage control in some
cases cannot be neglected. Indeed, torque controllers
have some limitations coming from practical point of
view as follows:

- A torque control law cannot be given directly to the
torque inputs of an electrical manipulator. Because,
physical control variables are electrical signals to the

actuators not the torque vector applied to the robot joints.

- The dynamics of motors and drives are excluded in
the torque control strategies, while the actuator
dynamics are often a source of uncertainty due to e.g.
calibration errors, or parameter variation from
overheating and changes in environment temperature
(Cheah et al., 2010).

- The control problem becomes hypersensitive when
tracking the fast trajectories are demanded. Therefore,
control performance degrades quickly as speed
increases.

- Some torque control approaches try to cancel the
nonlinearities by using feedbacks from the joint torques.
However, they face some challenging problems (Morris,
2001).

Three customary approaches in this category:

- using reaction force in the shaft bearings

- Prony brake method

- using strain gages in rotating body

suffer from several inherent weaknesses. The first
method is involved bearing friction and windage torques
which are not avoidable. The second approach requires
some additional devices which are not convenient.
Finally, the third method is expensive with difficulty of
installation. To  overcome these drawbacks, voltage
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control strategy was proposed (Fateh, 2008). This
strategy is free from manipulator dynamics in a
decentralized structure. All nonlinearities associated with
robot dynamics are canceled by feedback linearization
through feedbacks from motor currents. Following this
strategy, the adaptive control (Fateh, 2012) and robust
control (Fateh, 2012) were developed for flexible-joint
robots. The proposed approaches are superior to torque
controller in terms of simplicity of design, ease of
implementation and control performance. However, the
TS implementations of these type controllers remain as
an open question for electrically driven flexible joint
robots. Due to the aforementioned problems, we are
interested in developing a novel robust control approach
under the imperfect transformation of control space. The
proposed controller includes two interior loops. The inner
loop controls the motor position using SMC technique,
while the outer loop control generates a desired motor
position for inner loop via controlling the joint angle by a
simple PID controller. The contributions of this paper are
as follows. Nonlinear dynamic description is studied in
Section 2. The overall control structure of the robust JS
control design will be outlined in Section 3 and the
closed-loop system stability is then presented in Section
4. An extension of the proposed JS control strategy is
presented in section 5. In Section 6 the validity of the
proposed method is verified by computer simulation.
Finally, we give our conclusion remarks in Section 7.

Dynamics of electrically driven flexible joint robot

In the flexible joint robot arm, the link dynamics are
actuated by the spring torque produced by the difference
between the motor displacements on the link side
elements of transmission mechanism, and link angular
positions. The motor dynamics are also driven by the
motor torque. Thus, the robot dynamics with joint
flexibility can be described as [25]

D(q)§+C(q.9)q+g(q)=K(r—-q) (1)
J,0+B,0+rK(ré—-q) =1 )
where @e0™' and gel™! represent respectively
the vectors of link positions and motor angular positions,
Kel™" is a diagonal positive definite matrix
representing the joint stiffness, D(q)e ™" is the
symmetric positive definite manipulator inertia matrix,
C(q.q)qe is a vector function containing Coriolis
and centrifugal forces, g(q)e
containing of gravitational
transmission matrix, J,, € 0™" is a diagonal matrix of

0 nx1

0™ s a vector function

forces, r is an nxn

the lumped actuator rotor inertias, B, €™" is
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diagonal matrix of the Ilumped actuator damping

coefficients, and ze ™! is the vector of actuator input
torque produced by

T=k,I (3)
where k,e0™" is a positive definite constant
diagonal matrix characterizing the electro-mechanical
conversion between armature current 7™ and the
motor torque. Now, due to have motor voltages as the
inputs for electrical flexible-joint  robot, some
modifications are required. Toward this end, consider the

electrical equation of permanent magnet DC motors in
the matrix from as

LI +RI +k,0+¢(t) =u (4)
where Le™" is a constant diagonal matrix of
electrical inductance, Rell™" is diagonal matrix of
armature resistances, k,e0™" is a diagonal
constant matrix for the back-emf effects, ue 1" is the
control input voltage applied for the joint actuators, and
oé(r) represents an external disturbance. Let us using
the state variables x,=¢, x, =4, x;=60, x, =6, and
x5 =1 inthe state vector

xX'=[qg ¢ 6 6 I] (5)

Then, the state space model using equations (1)-(4) is
represented as:

x= f(x)+Bu—-Bg(?) (6)
with
_ . -
D™ (x)) (—=C(x},%5) %, — g(x)) + K (rx; — X))
fx)= Xy

J,;,l (=Bx4 +7K(x; —rx3) +k,,x5)
L' (Rxs +kyx,)

B=[0 0 0 0 L‘lJT (7)

As can be seen from (6), and (7), the presented model
includes serious problems such as, nonlinearities,
uncertainties, flexibility in the joint, as well as couplings
between the joint motions. To control such a complicated
system, we propose a decentralized robust control
scheme using voltage control strategy. The general idea
behind the notion of voltage control strategy is that, the
motor current contains the effects of all uncertainties and
coupling between the motor and the manipulator. Thus,
canceling this coupling will obtain a control law that is
free from manipulator dynamics.

Robust JS control design

In this section, we are interested in deriving a control law
such that in the closed-loop system, the link angles track

the desired trajectory with an acceptable error. For this
purpose, we propose a controller that includes two
interior loops. The inner loop controls the motor position
using SMC technique, while the outer loop generates a
desired motor position 8, for inner loop by a simple

PID controller.

Inner loop control design

Suppose that equation (4) can be rewritten based on the
nominal model parameters as

RI+k,6+n(t)=u (8)
where () denotes an estimation of (), and
7(t) = LI +(R—R)I + (k,, —k; )6+ §(t) (9)

represent the disturbances caused by the unmodeled
dynamics, model uncertainties, and external
disturbances. Let us define a switching surface as

t
nge(t)+c1je(r)dr , t20 (10)
0

where e(r)=6, -6, and ¢, denotes a positive diagonal

matrix. This choice of sliding surface is preferred since it
is linear and it will result in a relative degree one
dynamic. Now, it must be founded a control input «
such that, the state trajectory converges to the switching
surface. In the following, we will employ the direct
lyapunov method to derivate a sliding mode control law
that guarantees the stability of sliding surface.
Differentiating S, with respect to time obtains

Sg =0, —ky'u+ky RI + Kk, '1(t) +cie(t) (11)
Thus, the actuator voltage controller can be designed as
u= I%I+l€b6.?d +l€bcle(t)+psign(S9) (12)

where p is a positive real constant which is determined

based on bounding function on the uncertainties. We
refer to (12) as the inner loop control law. The term 6,

n (12), which we refer to it as the outer loop control,
represents a new input which is designed in section 3.2.

Proof: Choose a non negative function
v:%s; >0 (13)
Differentiating V respect to time, and using (11) and
(12) obtains
V =SgSy = Sgk," (1) - psign(S,))

<[$5] &' ()] - p)
Now, the sufficient condition to establish V <0 is
In@)|<p (15)
Therefore, with the controller (12), the sliding surface
brcomes attractive. It must be emphasized that, by

choosing control law in the form (12), chattering
phenomena will occur because of discontinuity in signum

(14)



function. To reduce this effect, a continuous
approximation of the switching controller is used instead
of the signum function. Hence, the alternative control
signal in (12) becomes:

u=RI+ /gbéd + Igbcle(t) + psat [&j (16)
£
where
3 sign(D) |[' >1
sat(D)—{ O |[I<1 (17)

and ¢ is a positive constant, called the boundary layer
of the sliding surface. This completes stability proof for
inner loop control design.

Outer loop control design

Here, the control objective is, to design a desired
trajectory 6, for the inner loop controller, so that
6 — 6, which further implies convergence of the ¢ to
the desired trajectory ¢, . Based on this observation, we
propose

t
0, = K,EW)+ K, EMD)+K, J' E(ndr . t20  (18)
0
where K, , K,, K; are diagonal matrices with positive

diagonal elements and

E()=q,—q (19)

is the JS tracking error. Since, the voltage of every motor
should be limited to protect the motor against over
voltages, therefore by using a voltage limiter, we obtain
u(t)y=v . for |V < v (20)

u(t) =vp,sign(v) , for |v| > Vinax (21)

where v,.. is positive constant called as the maximum
permitted voltage of motor and v is expressed as

v=RI+ /ghéd + /ghcle(t) + psat[s—'gJ (22)
£

ANALYSIS

Due to decentralized characteristic of the proposed
controller, stability analysis is presented separately for
every individual joint to verify stability of the robotic
system.

The control law (20)-(22) implies that the motor voltage
is limited. Thus, we can assume that:

Assumption 1: [u(t)] < vy (23)

To make the dynamics of the tracking error well defined
such that the robot can track the desired trajectory, we
make the following assumption.
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Assumption 2: The JS desired trajectory ¢,, the TS
desired trajectory X, and their derivatives up to a

necessary order are available and all uniformly bounded.
A robust controller can be designed if the external
disturbance be bounded. Thus

Assumption 3: The external

bounded as

leO< bnax (24)

where ¢,.. is a positive constant.

Since, the control laws given by (20)-(22), operate in two
areas, i.e, [V|<vy, and |v>v thus, tracking
performance should be evaluated in both areas.

disturbance ¢() is

max

Area of |v|<v

In this area, we have
u(r)=RI + /ghéd + /ghcle(t) + psat[s—'gJ (25)
£

Substituting (25) into (8), rearranging with some
mathematical simplification yields the dynamics of the
motor position tracking loop as

(1) +cpe(r) = (/2;1)(170) - psat[s?'gn (26)

The variables @, I, and I are bounded since u is
bounded [25]. These results, in addition to assumption 3,
obtains the function bounding the uncertainty on the
RHS of equation (26) as

() —psat(s—“’j
£
=y

where (®),... iS a positive scalar function, representing
the upper bound of (e), and ¢, and ¢, are positive
(R-R) and
e(r) and ¢é(r) are

< ijax + gllmax + §29.max +¢max +p

(27)

constants and the upper bounds of
(k, —k,) , respectively. Thus,
bounded, that means boundedness of 6, =6-é(r)
since @ and é(r) are bounded. Differentiating (18) with
respect o time, yields

K EMt)+K,E(t)+K,E(t) =6, (28)
which is a 2™ order LTI system with positive gains K,,
K, and K, with limited input 6, . This system is stable
based on the Routh-Hurwitz criterion. Thus E(r), E(r)
and E(r) are bounded. From assumption 2 ¢,, ¢,

and g, and consequently ¢, ¢ and g are also
bounded. Finally, from (2) and (3), we have
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J,6+B,0+r*KO=k,I+rKq (29)
which represent a stable 2™ order LTI system driven by
the bounded input k,I+rKq. Thus, @, @, and 6 are

bounded. Since, all states 8, 6, ¢, ¢, and I
associated with each joint are bounded then vectors @,
@, q, ¢,and I are bounded. As a result, the robotic

system has the Bounded Input-Bounded Output (BIBO)
stability.

Area of |v]> v,

In this area, we have

Li +RI + k8 + §(t) = v, sign(v) (30)

To consider the convergence of tracking error e(¢) in

this area, a positive definite function is proposed as

ol
2

By differentiating V respect to time, using e(r)=6, -6

and (30), we have

V =e(t)(ky8; + LI+ RI+§(1) ~ Ve sign()) (32)

Assume that, there exists a positive scalar denoted by

i that

‘LI' +RI+k,0, +9(t)| < 1 (33)

kye? (1) =0 (31)

Thus, to establish the convergence, V <0, it is sufficient
that

VmaxS1g0(v)=psign(e) (34)

Proof: Substituting (34) into (32) yields

V =e(t)(k,8, + Li +RI +§(t) — psign(e)) (35)
Now, for V to be a negative definite function, the
requirement is (33)

V <o)k, + Li +RI + ()| - e(sign (e(0))

=|e(t)”Li +RI+9(t)+k,0, ‘ — e (36)

=le| (| + RI +90)+ 5,6, |- 1)

Thus, taking (33) into account, it implies that, the motor
tracking error is converged until the control system
comes into the area governed by control law (20). As a
result, even if the robotic system starts from the area of

[V > viax 5 it goes into the area of |y|<v that all
states are bounded. Equation (34) means that

Vmax =H (37)
Therefore, the maximum voltage of motor should satisfy
(37) for the convergence of position tracking error e(r).

From the closed loop system (30), we can obtain
LI +RI = v, sign(v)—k,0 — §(t) (38)
which is a stable first order LTI system driven by the

max ?

bounded input v, sign(v)—k,@—¢() . Thus, I is
bounded. Since I is limited, then, linear stable system
(29) wunder bounded input k,I+rKq obtains that

variables ¢, @, and 6 are bounded. Consider (28) as
a second order linear system with positive gains K, ,

K,, K;, and a limited input 6,. Thus E, E, and E

are bounded. According to assumption 2, ¢, and its

time derivatives are bounded that result in boundedness
of g, ¢, and g . Thus, the robotic system has the

Bounded Input-Bounded Output (BIBO) stability. This is
because the system states, i.e., 8, 8, ¢, ¢, and I
are bounded.

Robust TS control design

As mentioned before, in the most of robotic applications,
a desired path is specified for the end-effector in the TS,
while the actuators operate in the JS. Thus,
transformation of control space is unavoidable. It is clear
that, despite of well behavior of JS control strategies,
none of them can provide satisfactory tracking
performances in TS under the imperfect transformation
of control space.

Toward this end, here, we will improve the outer-loop
of the proposed JS controller to track a desired path in

TS.Letus Xell" tobe aTS vector, representing the
position and orientation of the robot end-effecor relative
to a fixed user defined reference frame.

Then, the forward kinematic and differential kinematic
transformation between the robot links coordinates and
the end-effector coordinates can be written as
X =h(q) (39)

X =J(9)q (40)

where h(g):0" —0" is the differentiable forward
kinematics of the manipulator, and J(¢)e 0 ™" denotes

the Jacobian matrix defined as J(g)=0h(g)/dge ™" .
Now, we propose the outer-loop controller in the form

6, = J' T @K E (0)+ K B, () + KE (D)7 ,1>0(41)
0

where
E=X,-X (42)

denotes the TS position error and X, is the desired

position vector. The block  diagram  of
the proposed control approach  is shown in
Figure. 1. By the similar stability
analysis, as the same as previous
section, we will evaluate the closed-loop

system performance in both areas.
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Hd!*7777¢77777‘| I
X, E. | e bis U Actuated
= |PID Controller o T e Sliding-Mode | V_| L— | > Flexible-Joint =
T Fg.(41) Controller —1 | Robot 0

Figure.1. Inner-loop controller (dashed box) with the outer-loop controller

Areaof |v|< v .,
As shown in previous section, the RHS of (26), e(r) and
therefore ¢(r) are bounded. Thus, boundedness of
0, =60-ér) can be achieved, whereas, 6, and é(r)

are bounded. Differentiating both side of (41) with
respect to time gives

K,E +K,E +KE, = 7, (43)

max

Area of |y|>v

Choosing a positive definite function as the same as (31)
shows that, the value of |e(r)] reduces by starting from
any arbitrary initial value of ¢(0) under the condition
(37). Thus, motor will move to to the area of |v| < vy,
that all signals are bounded. As a result, boundedness of

I, 6, 6,and 6 can be achieved as same as section
4.2. Consider (43) as a second order linear system with

positive gains K,, K,, K; and a limited input Jé,.
Thus, E.,, E , and E_ are bounded. From
E=X,-X, E,=X,-X, E.=X,-X, and using
assumption 2, it follows that X, X, and therefore X
are bounded. This completes the proof. As a conclusion

of this analysis, the robotic system has the BIBO stability.

Computer simulation

The robust performance of the proposed control strategy
was verified through simulations of a two-link electrically
driven robot manipulator with flexible joints, uncertainty
in the motor dynamics and without any knowledge of the
manipulator dynamic. The dynamic model of the robot
system can be described in the form of (1):

which is a second order linear system with positive gains
and a limited input J@,, sinceJ is a combination of
sine and cosine functions. Thus, E,, E , E_ and

therefore X , X , and X are bounded from

assumption 2. As a conclusion of this analysis, the
robotic system has the BIBO stability in this area, since
all of system states are bounded.

D(q): dll d12
d21 d22

dyy =my (7 +135 + 241, 5005(q,)) +mylly + 1 + 1,
dyy =dyy =myl% +myllpcos(qy) +12
dy = malczz +1,

~2mylil sin(gy)(@ds +0.543 )

C(g.9)4= ,
myll., sin(q,)qi

¢(q)= (myley +myly) geos(qy) +myl o geos(q + fb)}
myl ., gcos(q, +q,)

44
where ¢, and ¢, are the angle of joints 1 an(d ; m
and m, are the mass of links 1 and 2 respectively, [,
and I, are the length of links 1 and 2, I; is the link's
moment of inertia given in center of mass, I, is the
distance between the center of mass of link and the ith
joint, and g is the gravity acceleration. The manipulator

dynamic parameters are defined as
m; =15kg  and

ll = lz =1m y
m, = 6kg ,
I,=5kg-m*>and I, =2kg-m">; Also, the exact-actuator
dynamic model parameters are selected as

lCl = lCZ = 05m ;
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R=diag(1.6,1.6)Q ,  k,=k,=diag(0.26,0.26)(N-m/A)
7, =diag(2x10* 2x10™*)(kg-m?) ,

B, =diag(107,10%)(N-m-sec/rad) , L=diag(10>,10°) (H) ,
K=diag(500,500)(N-m/rad) , and r=diag(0.02,0.02) . The
manipulator end-effector is commanded to follow a
circular trajectory specified by 0.15m radius centered at
(0.35m,0.35m), in the TS. The forward kinematic
equation is given by

X =licos(q)+Iycos(g +q,) (45)
Y =Isin(q,) +Lysin(q, +q,)

The manipulator Jacobian matrix J(g) mapping from
TS to JS is bounded and given by

—lisin(q) —lysin(q, +q,)  —lsin(g; +¢,)
J(q)= (46)
licos(q) +1ycos(q1 +q,)  heos(q +q,)
The link's length is estimated by a gain of 0.6 from real
values defined as before. The initial tracking error s are
selected zero in all simulations. To clarify the
significance of the proposed controller two-simulation set
will be investigated.
Simulation 1: The JS controller given by (18)-(22) are
simulated to track a circle in TS. For the purpose of

simulation, we set ¢ =50, K,=70, K,=1500, and

K; =2000. Figure. 2 shows the tracking performance of

the robot endpoint and its desired trajectory in the TS.
The norm of tracking error in TS indicates a maximum
value of 430mm, while the norm of ;oint errors is
negligible with a maximum value of 7x10™ rad as shown
in Figure. 3, and Figure. 4 respectively. Therefore,
despite of good tracking performance of the robust JS
control strategies in JS, shown by Figure. 5, they cannot
provide satisfactory performance in TS under imperfect
transformation of control space. The efforts to the two
joints are reasonable that can be verified in Figure. 6. As
a result, the performance of the JS control strategies is
degraded by the imperfect transformation.

Simulation 2: The proposed TS control strategy given
by (20)-(22) and (41) are simulated where the control
parameters are ¢, =10, K, =20, K,=800, K;=1500,

and £=0.4. Figure. 7 shows the end-effector position of
robot manipulator in the x-y-directions under %40
uncertainties and without any knowledge of robotic
manipulator dynamic. As can be seen from Figure. 8,
end-effector positions converge nicely to the desired
value in TS. The profile of actuator voltage is shown in
Figure. 9. The simulation results verify the good tracking
performance of the proposed controller to robustly
stabilize the system, while achieving robust performance
subject to uncertainties in kinematic and dynamic
equations.
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CONCLUSION

Many robust control techniques have been designed to
control of robot manipulator in JS under uncertainties.
However, control performance is degraded under
imperfect transformation of control space from TS to JS.
This paper presents a robust TS controller to cope with
the tracking problem of flexible joint electrically driven
robots. The proposed approach is free from robot
manipulator dynamic. It is shown that the robotic system
has the Bounded Input-Bounded Output (BIBO) stability
in the sense that all the signals are bounded. Numerical
results for a two-link flexible joint robot driven by
permanent magnet dc motors have shown the
superiority of TS controller to the JS controller. The
tracking performance is satisfactory such that the
flexibility of the robotic system has been well under
control. The control efforts are continuous and soft to be
easily implemented. The performance of control system
verifies that the control system is robust against all
uncertainties in manipulator dynamics and its motors.
The voltages of motors are permitted under the
maximum values.
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